Let M(p) (p = 2, 3, . . .) be the singlet vertex operator algebra and ω its conformal vector. We classify the simple weak M(p)-modules with a non-zero element u such that for some integer s ≥ 2, ω i u ∈ Cu (i = ⌊s/2⌋ + 1, ⌊s/2⌋ + 2, . . . , s − 1), ω s u ∈ C × u, and ω i u = 0 for all i > s.
Introduction
The singlet vertex operator algebra M(p) (p = 2, 3, . . .) is a subalgebra of the Heisenberg vertex algebra M (1) of rank 1 with two generators, and is known as W (2, 2p − 1)-algebra in the physics literature (cf. [7, Section V], [16] ). Since M(p) admits infinitely many non-isomorphic simple (irreducible) modules, it is non-C 2 -cofinite and non-rational. The vertex operator algebra M(p) has been studied from various perspectives (cf. [1] , [3] , [4] , [8] , [9] , [10] , [25] , [26] ), partly because of its connection to the triplet vertex algebra. For the representation of M(p), Adamović [1] classifies the simple M(p)-modules. The notation M (1) is used there instead of M(p). So, one of the next task is to investigate simple weak M(p)-modules. The purpose of this paper is to classify the simple weak M(p)-modules with a Whittaker vector for ω in the sense of [24, (1.1) ].
Whittaker modules (Whittaker vectors) are non-weight modules defined over various Lie algebras, first appeared in [5] for sl 2 . Whittaker modules for any finite dimensional complex simple Lie algebra are systematically studied in [17] and applied to the study of the Toda lattice in [18] . Results in [18] are generalized to affine Lie algebras or quantum groups in [12] and [23] . Whittaker modules are also studied for the Virasoro algebra in [22] , [21] and [13] , and for the affine KacMoody algebra A (1) 1 in [2] . Whittaker modules for the Virasoro algebra also appear in the study of two-dimensional conformal field theory in physics(cf. [15] ). Whittaker modules for a general vertex operator algebra V are not defined, however, we note that for the conformal vector (the Virasoro element) ω of V , ω n+1 = L(n), n ∈ Z satisfy the Virasoro algebra relations (cf. [19, (1.3.4) ]). Thus, based on the definition of Whittaker vectors for the Virasoro algebra in [22] and [21] , I introduced the following notion in [24] : for a weak V -module M , a non-zero element u of M is called a Whittaker vector for ω if there exists an integer s with s ≥ 2 and λ = (λ ⌊s/2⌋+1 , λ ⌊s/2⌋+2 , . . . , λ s ) ∈ C s−⌊s/2⌋ with λ s = 0 such that
where ⌊s/2⌋ = max{i ∈ Z | i ≤ s/2}. We call λ the type of u. We note that if we regard a weak V -module M as a module for the Virasoro algebra, then the Whittaker vectors in M for ω coincide with the Whittaker vectors in M for the Virasoro algebra. It is well known that for each non-negative integer r and ζ = (ζ 0 , . . . , ζ r ) ∈ C r × C × , the Heisenberg vertex algebra M (1) has a simple weak module M (1, ζ) (See (2.9)), which is also a Whittaker module for the Heisenberg algebra. Let ω be the conformal vector of M(p). As we shall see later in
is simple and contains a Whittaker vector u ζ of type
for ω. The following is the main result of this paper, which implies that the converse is true: for ω. Fist we find two relations for ω and H in M(p) (See (2.34) and (2.54)). Using these relations, we have that s is an odd integer and
and that H (s+1)(2p−1)/2−1 u ∈ Cu if and only if M is simple (See Lemma 3.1 (4) and (5)). In this case
where q is a square root of (4p
M is generated by u as a module for the Virasoro algebra associated to ω, and the actions of H on M are uniquely determined by the scalar q and the actions of ω on M . In particular, if M is simple, then M is a Whittaker module for the Virasoro algebra in the sense of [21, 22] . Since any Whittaker module for the Virasoro algebra is uniquely determined by its type by [22, Proposition 3.2] and [13, Theorem 2.3] , every simple weak M(p)-module with a Whittaker vector u for ω is uniquely determined by the type of u for ω and q ∈ C in (1.4). Thus, the theorem follows from (1.2) and the computation of H (s+1)(2p−1)/2−1 u ζ in M (1, ζ) .
The organization of the paper is as follows. In Section 2 we recall some basic properties of the Heisenberg vertex algebra M (1), the singlet vertex algebra M(p), and the weak M (1)-modules M (1, ζ) where r ∈ Z >0 and ζ ∈ C r × C × . We show that M (1, ζ), r ∈ Z >0 and ζ ∈ C r ×C × , are pairwise non-isomorphic simple weak M(p)-modules. We also find two relations for ω and H in M(p). In Section 3 we give a proof of Theorem 1.1.
Preliminary
We assume that the reader is familiar with the basic knowledge on vertex algebras as presented in [6, 14, 19] .
Throughout this paper, p is an integer with p ≥ 2, N denotes the set of all non-negative integers, C × = {z ∈ C | z = 0} and (V, Y, 1, ω) is a vertex operator algebra. Recall that V is the underlying vector space, Y (−, x) is the linear map from V ⊗ C V to V ((x)), 1 is the vacuum vector, and ω is the conformal vector. A weak V -module
for homogeneous a ∈ V , j ∈ N, and k ∈ Z. For a weak V -module M and U ⊂ M , ω U denotes the set of linear span of the following elements:
When U = {u}, we simply write ω u for ω U . For i ∈ Z, we define
We also define Z ≤i and Z ≥i similarly. We recall the vertex operator algebra M (1) associated to the Heisenberg algebra of rank 1 and some weak M (1)-modules. Let h be a one dimensional vector space equipped with a nondegenerate symmetric bilinear form −, − . Set a Lie algebrâ
with the Lie bracket relations
for h, h ′ ∈ h and m, n ∈ Z. For h ∈ h and n ∈ Z, h(n) denotes h ⊗ t n ∈ H. Set two Lie subalgebras of h:
We take α ∈ h such that
For a non-negative integer r and an r+1-tuple ζ = (ζ 0 , . . . , ζ r ) ∈ C r+1 , Cu ζ denotes a one dimensional h ≥0 -module uniquely determined by
We take an h-module
where U (g) is the universal enveloping algebra of a Lie algebra g. Then, M (1) = M (1, (0)) has a vertex algebra structure and M (1, ζ) is a simple weak M (1)-module for any ζ ∈ C r+1 . The vertex operator algebra M (1) is called the vertex operator algebra associated to the Heisenberg algebra
Then ω 1 is the simple Virasoro vertex operator algebra with central 
for ω. If r ≥ 1 and ζ r = 0, then u is an eigenvector for ω 2r+1 with eigenvalue ζ 2 r /(4p) and hence M (1, ζ) is not an N-graded weak M (1)-module by (2.1). We also note that the map .13) is onto and the images of ζ = (ζ i ) r i=0 , ζ ′ = (ζ ′ i ) r i=0 ∈ C r × C × under this map are equal if and only if
. . , r, and 2(p − 1)(r + 1) for i = 0 (2.14) 15) for i = r + 1, r + 2, . . . , 2r + 1. In particular, this map is two-to-one. Regarding the weak M (1)-module M (1, ζ) as a weak ω 1-module, we have the following results:
as weak ω 1-modules if and only if r = r ′ and (2.14) holds.
Proof. (1) For convenience, we define
and therefore
Thus, for i ∈ Z, m ∈ Z ≥0 and j 1 , . . . , j m ∈ Z, an inductive argument on m shows that
(2.20)
For j ∈ Z, we define
. . , j m ∈ Z ≤r , and for any ∅ = T ⊂ {1, 2, . . . , m},
We note that S j ⊂ S j−1 for all j ∈ Z. We shall show that
for all n ∈ Z. If n ≥ 0, then (2.22) follows from (2.8). For n < 0, we shall show (2.22) by induction on n = 0, −1, −2, . . .. We have already shown that (2.22) holds for n = 0. Let n ∈ Z <0 . Let i, j ∈ Z <0 with i + j = n + r. We have α(j)u ζ ∈ S j+r and α(i+k)u ζ ∈ S i+k+r for k ≥ n−i+1 by the induction hypothesis.
Since j +r = n+2r−i ≥ n+1+r and i+j +r = n+2r ≥ n+1+r, it follows from (2.20) that Let
be the generalized vertex algebra associated to the lattice Z(α/p) (See [11] ). We define a linear map
and denote by M(p) the kernel of Q in M (1):
For i ∈ N, we also denote by S i (α) the i-th coefficient of t i in the expansion of exp(
It is shown in [1, Theorem 3.2] that M(p) is generated by ω and homogeneous
of weight 2p − 1. A direct computation shows that
and, in particular,
It is shown in [1, p.122 ] that H is a primary vector of weight 2p − 1 for ω, so ω and H satisfies
The following result is a direct consequence of Lemma 2.1 and (2.30):
Corollary 2.2. The weak M(p)-modules M (1, ζ),r ∈ Z ≥1 and ζ ∈ C r × C × , are simple and pairwise non-isomorphic. In particular, for any odd integer s ≥ 3, λ = (λ (s+1)/2 , λ (s+1)/2+1 , . . . , λ s ) ∈ C (s−1)/2 × C × , and q ∈ C such that
32)
there exists a weak M(p)-module with a Whittaker vector u of type λ for ω such that
Proof. It follows from Lemma 2.1 (1) that M (1, ζ) is a simple weak M(p)-module for every r ∈ Z ≥1 and ζ ∈ C r × C × . Let ζ ∈ C r × C × and (2) shows that r = r ′ and (2.14) holds. Therefore, ζ = ζ ′ by (2.30). The equality (2.33) follows from (2.13) and (2.30).
The following relation for ω and H will be used in Lemma 3.1.
Lemma 2.3.
Proof. For
we have
Using (2.36) repeatedly, we have
(2.39)
, the assertion follows from a direct computation.
The same argument as in the proof of [24, Lemma 3.2] shows the following result: Lemma 2.4. Let s ∈ Z with s ≥ 2. Let M be a weak ω 1-module and u ∈ M such that ω i u = 0 for all i > s. Let p, q, i 1 , . . . , i p , i p+1 , . . . , i q ∈ Z such that 0 ≤ p ≤ q, i 1 , . . . , i p ≥ 0, i p+1 , . . . , i q < 0, and sq ≤ i 1 + · · · + i q . If p < q or (i 1 , . . . , i p ) = (s, . . . , s) , then
The following results will be used in Lemmas 2.6.
Lemma 2.5. Let s ∈ Z with s ≥ 2, M a weak M(p)-module, and u ∈ M such that ω i u = 0 for all i > s. Let q ∈ Z ≥0 and j 1 , . . . , j q ∈ Z ≤−1 , and define
Proof. It follows from (2.41) that 2q ≤ k. Thus, for i 1 , . . . , i q ∈ Z such that i 1 + · · · + i q = j 1 + · · · + j q + m + 1, we have
It follows from Lemma 2.4 that if (i 1 , . . . , i q ) = (s, . . . , s), then
Here, for i 1 , . . . , i q ∈ Z we define
by (2.46). Thus, (2.42) follows from (2.47).
(2) Suppose k = 2q. It follows from (2.41) that j 1 = · · · = j k = −1. It follows from (2.46) and (2.47) that
by (1) and therefore
By Lemma 2.5, we have the following relation for ω and H, which will be used in Lemma 3.1 together with (2.34). Lemma 2.6.
where a is an element of 
where c ∈ C and a is an element of (2.55). By (2.30) and Lemma 2.5 (3) with s = 2r + 1, we have
By Lemma 2.5 (1), we also have
It follows from (2.11) and Lemma 2.5 (2) that 3 Weak M(p)-modules with Whittaker vectors.
In this section, we will show Theorem 1.1. The following is a key result to show Theorem 1.1.
Lemma 3.1. Let s, t ∈ Z with 2 ≤ t ≤ s, λ = (λ t , . . . , λ s ) ∈ C s−t+1 with λ s = 0, and q ∈ C such that
and define
Let M be a weak M(p)-module and u ∈ M a non-zero element such that ω i u = λ i u for i = t, . . . , s and ω i u = 0 for all i > s.
(1) The integer s is odd and
Moreover, the submodule of M generated by u is equal to ω (Cu+ CH m u).
and
where µ i is a polynomial in λ s−m+i , λ s−m+i+1 , . . . , λ s−1 , λ −1 s and q for each i = m − s + t, m − s + t + 1, . . . , m. Moreover, the submodule of M generated by u is equal to ω u. Proof.
(1) For n ∈ Z, by (2.34) we have
• is defined to be 
and therefore the submodule of M generated by u is equal to ω (Cu + CH m u). By using Lemma 2.6, the same argument as in the proof of Lemma 2.6 shows that 
